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GENERALIZED ROBUST TORIC IDEALS 


CHRISTOS TATAKIS 


Abstract. An ideal I is robust if its universal Grobner basis is a minimal 
generating set for this ideal. In this paper, we generalize the meaning of robust 
ideals. An ideal is defined as generalized robust if its universal Grobner basis 
is equal to its universal Markov basis. This article consists of two parts. In the 
first one, we study the generalized robustness on toric ideals of a graph G. We 
prove that a toric graph ideal is generalized robust if and only if its universal 
Markov basis is equal to the Graver basis of the ideal. Furthermore, we give 
a graph theoretical characterization of generalized robust graph ideals, which 
is based on terms of graph theoretical properties of the circuits of the graph 
G. In the second part, we go on to describe the general case of toric ideals, 
in which we prove that a robust toric ideal has a unique minimal system of 
generators, or in other words, all of its minimal generators are indispensable. 


1. Introduction 

Let A = {ai,..., a m } C N™ be a vector configuration in Q n and NA := {hai + 
• • • + / m a m | li G N} the corresponding affine semigroup, where NA is pointed, 
that is if x G NA and —x G NA then x = 0. We grade the polynomial ring 
K[xi,..., Xm] over an arbitrary field K by the semigroup NA setting deg^a^) = a,; 
for i = 1 For u = {u\,...,u m ) € N m , we define the A-degree of the 

monomial x u := x™ 1 ■ ■ ■ x to be 

deg A (x u ) := u\ai -b u m a m G NA. 

The toric ideal I a associated to A is the prime ideal generated by all the binomials 
x u — x v such that deg j4 (x u ) = deg A (x v ), see [2l] . 

Toric ideals consist a special class of ideals in a polynomial ring. They define 
toric varieties, a large class of algebraic varieties, that play an important role to 
the development of mathematics the last years. Their study starts with Hochster 
in pA] and spreads through a series of lectures by Fulton, see [mil % As far as the 
applicability of toric ideals is concerned, it has to be mentioned that toric ideals are 
related to recent advances in polyhedral geometry, toric geometry, algebraic geom¬ 
etry, algebraic statistic, integer programming, graph theory, computation algebra 
e.t.c., where they are applied in a natural way, see for example 01 IBB El IS]. 

There are several sets for a toric ideal, which include crucial information about 
it, such as the Graver basis, the universal Markov basis, the universal Grobner 
basis and the set of the circuits. An irreducible binomial x u — x v in I a is called 
primitive if there is no other binomial x w — x z in I a , such that x w divides x u and 
x z divides x v . The set of primitive binomials forms the Graver basis of I a and is 
denoted by Gxa- As it is known by a theorem of Diaconis and Sturmfels, every 
minimal generating set of I a corresponds to a minimal Markov basis of A, which is 
denoted by Ma, see El Theorem 3.1]. The universal Markov basis of A is denoted 
by M.a and is defined as the union of all minimal Markov bases of A, see JT5] 
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Definition 3.1.]. The universal Grobner basis of an ideal I a, which is denoted by 
Ua, is a finite subset of I a and it is a Grobner basis for the ideal with respect to all 
admissible term orders, see m- The support of a monomial x u of Kfaq,..., x m ] 
is supp(x u ) := {* | Xj divides x u } and the support of a binomial B = x u — x v is 
supp(R) := supp(x u ) U supp(x v ). An irreducible binomial is called circuit if it has 
minimal support. The set of the circuits of a toric ideal I a is denoted by Ca- The 
relation between the above sets was studied by B. Sturmfels in [2T1 : 

Proposition 1.1. [21, Proposition 4.11] For any toric ideal I a it holds: 

CaQUaQ Gr A - 

An ideal / is called robust if its universal Grobner basis is equal with a Markov 
basis of the ideal. Robustness is a property of ideals that has not been fully de¬ 
scribed. More specifically, it has been described for toric ideals which are gener¬ 
ated by quadratics. Toric ideals which are generated by quadratics were studied 
by Ohsugi and Hibi in [IS], while the robustness for this class of ideals is described 
in the article of Boocher and Robeva, see [2]. The importance of robustness stems 
from the interest in the study of ideals which are minimally generated by a Grobner 
basis for an arbitrary term order, see 0. Moreover, the study of robustness is im¬ 
portant, due to the fact that several areas of mathematics are keen on the research 
of the Markov basis, the universal Grdbner basis and the Graver basis of an ideal. 
This problem has also been researched in the case of toric ideals arising from a 
graph G, as studied by Boocher et al in [3], In their work the authors proved that 
any robust toric ideal of a graph G is also minimally generated by its Graver basis, 
[3l Theorem 3.2.]. In addition, they completely characterize all graphs which give 
rise to robust ideals, see [31 Theorem 4.8.]. 

The present article generalizes the meaning of robust ideals. A robust ideal is 
called generalized robust if its universal Grobner basis is equal with its universal 
Markov basis. This manuscript is divided into two parts. 

In the first part, we study the generalized robustness on toric ideals of a graph G. 
The results of this part are inspired and guided by the work of [3j in order to give 
theorems that fully characterize the generalized robust toric ideals of graphs. The 
papers [20], [22] and [24] describe the Markov basis, the Graver basis, the universal 
Grobner basis and the set of the circuits for a toric ideal arising from a graph. In 
section 2, we analyze all these notions more explicitly. Applying this knowledge 
on the work of Boocher et al (see 0), we are allowed to provide the study of the 
generalized robustness of graphs, with theorems of the same structure as theirs. In 
section 3, we first prove that a toric graph ideal is generalized robust if and only 
if its universal Markov basis is equal to the Graver basis of the ideal, see Theorem 
13.41 Moreover, the relation between robust graph ideals and generalized robust 
graph ideals is studied. In the next section, we go on to give a graph theoretical 
characterization of generalized robust graph ideals, which is based on terms of graph 
theoretical properties of the circuits of the graph G, see Theorem 14.51 

In the second part of this manuscript, we study the robustness property in the 
general case of toric ideals. More especially, we study the indispensable binomials 
which exist in a robust toric ideal. A binomial B € I a is called indispensable if 
there exists a non zero constant multiple of it in every minimal system of binomial 
generators of I a ■ A recent problem arising from algebraic statistics is to find classes 
of toric ideals which have a unique minimal system of generators, see [T],[4]. In 
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order to study this problem, Ohsugi and Hibi introduced in [19] the notion of 
indispensable binomials. In section 5, we prove that a robust toric ideal has a unique 
minimal system of generators, or in other words, all of its minimal generators are 
indispensable, see Theorem IS.lOl Finally, we conclude that the robustness property 
for a toric ideal, implies the generalized robustness property for it, see Corollary 
15.121 In conclusion, we present a family of toric ideals, for which Ca = Gta, see 
Remark 15.141 


2. Elements of the toric ideals of graphs 

In the next chapters, G is a connected, undirected, finite, simple graph on the 
vertex set V(G) = {vi ,..., v n }. Let E(G) = {ei,..., e m } be the set of edges of 
G and K[ei,..., e m ] the polynomial ring in the m variables ei,..., e m over a field 
K. We will associate each edge e = {vi,Vj} £ E(G) with the element a e = Vi + Vj 
in the free abelian group Z", with basis the set of the vertices of G, where Vi = 
(0,..., 0,1,0,..., 0) be the vector with 1 in the i— th coordinate of Vi. With Iq we 
denote the toric ideal Ia g in K[ei,..., e m ], where Aq = { a e \ e £ E(G)} C Z n . 

A walk of length q connecting v ^ £ V(G) and Vi q+1 G V(G) is a finite se¬ 
quence of the form w = (eq = {v^, v i2 }, {v i2 , v is },..., e iq = {v iq ,v iq+1 }) with 
each d j = {/ty ., Vi j+1 } G E{G). We call a walk w' = (e 7l ,..., e 7t ) a subwalk of 
w if e 7l • • • e.j t | e n ■ ■ ■ ei q . An even (respectively odd) walk is a walk of even (re¬ 
spectively odd) length. A walk as w is called closed if i’i q+1 = v 21 . A cycle is a 
closed walk with Vi k ^ v .-,., for every 1 < k < j < q. Depending on the prop¬ 
erty of the walk that we want to emphasize, we may denote a walk w either by 
a sequence of vertices and edges (vq, eq, Vi 2 ,..., Vi , e* 9 , Vi +1 ) or exclusively with 
vertices (uq, Vi 2 , i>i 3 ,..., Vi q+1 ) or only with edges (e 7l ,..., e» ). Note that, although 
the graph G has no multiple edges, since it is simple, the same edge e may appear 
more than once in a walk. In this case, e is called multiple edge of the walk w. 
Given an even closed walk w = (e n , ej 2 ,..., e, 2g ) of the graph G, we denote by B w 
the binomial 

9 9 

B w = e i 2 k -1 ~ e *2 k 

fc =1 fc =1 

belonging to the toric ideal Iq . Actually, the toric ideal Iq is generated by binomials 
of the above form, see [23] . 

For convenience, by w we denote the subgraph of G, whose vertices and edges 
are the vertices and the edges of the walk w. Note that w is a connected subgraph 
of G. A cut edge (respectively a cut vertex) is an edge (respectively a vertex) of 
the graph, whose removal increases the number of connected components of the 
remaining subgraph. A graph is called biconnected if it is connected and does not 
contain a cut vertex. A block is a maximal biconnected subgraph of a given graph 
G. 

A walk w of a graph is primitive if and only if the corresponding binomial B w 
is primitive. Every even primitive walk w = (eq,... ,ei 2k ) partitions the set of its 
edges in two sets w + = {e, |j odd} and w~ = {e,, |j even}, otherwise the binomial 
B w is not irreducible. The edges of the set w + are called odd edges of the walk 
and those of w~ even. A sink of a block B is a common vertex of two odd or two 
even edges of the walk w which belong to the block B. Finally, we call strongly 
primitive walk, a primitive walk which has not two sinks with distance one in any 
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cyclic block of the walk, or equivalently has not two adjacent cut vertices in any 
cyclic block of w. 

In [2D] a complete characterization of the Graver basis of the corresponding toric 
ideal Iq was given, see [20] Theorem 3.2]. The next corollary, given by the same 
authors, describes the structure of the underlying graph of a primitive walk. 

Corollary 2.1. [201 Corollary 3.3] Let G be a graph and W a connected subgraph 
of G. The subgraph W is the graph w of a primitive walk w if and only if 

(1) W is an even cycle or 

(2) W is not biconnected and 

(a) every block ofW is a cycle or a cut edge and 

(b) every cut vertex of W belongs to exactly two blocks and separates the 
graph in two parts, the total number of edges of the cyclic blocks in 
each part is odd. 

Afterwards, we recall from [ 20 ] . a lot of graph theoretical notions in order to 
describe the universal Markov basis of a toric ideal of a graph G. We say that 
a binomial is a minimal binomial, if it belongs to at least one minimal system of 
generators of Iq, he. at least one Markov basis of Iq- 

For a given subgraph F of G, an edge / of the graph G is called chord of 
the subgraph F, if the vertices of the edge / belong to V(F) and / ^ E(F). A 
chord e = {Vk , Vi} is called bridge of a primitive walk w if there exist two different 
blocks £>i ,£>2 of w such that Vk G B\ and Vi 6 62 - Let w be an even closed walk 
({iq, V 2 ], {v 2 , U 3 },..., {v 2 q , ui}) and / = {«;, Vj} a chord of w. Then, / breaks w 
into two walks: 

w\ = (ei, • ■ ■, e»_i, /, ej ,..., e 2 q ) 

and 

W 2 = (Ci ,..., ej _ 1 , /), 

where e s = {u s ,u s _|_i}, 1 < s < 2 q and e 2 q = {u 2 g ,th}. The two walks are both 
even or both odd. A chord is called even (respectively odd) if it is not a bridge and 
if it breaks the walk into two even walks (respectively odd). 

Let w = ({u il 5 u i2 }, {v i 2 ,v i3 }, ■ ■ ■ , {v i2q , u^}) be a primitive walk. Let / = 
{ v i e i v ij } and f — {vi s ,, Vi., } be two odd chords (that is they are not bridges and 
the numbers j — s,j' — s' are even) with 1 < s < j < 2q and 1 < s' < j' < 2 q. We say 
that / and /' cross effectively in w if s' — s is odd (then necessarily j — s', j'—j, j' — s 
are odd) and either s < s' < j < j' or s' < s < j' < j. We call F 4 of the walk w, a 
cycle (e, /, e !, f) of length four which consists of two edges e, e! of the walk w both 
odd or both even, and two odd chords /,/' which cross effectively in w. An F 4 , 
(ei, / 1 , e 2 , /b) separates the vertices of w into two parts V(wi), "F(w 2 ), since both 
edges ei, e 2 of the F 4 belong to the same block of w = (wi,ei,W 2 , £ 2 )- We say that 
an odd chord / of a primitive walk w = (w±, e\,W 2 , 62 ) crosses an F 4 , (ei, / 1 , e 2 , / 2 )> 
if one of the vertices of / belongs to V(wi), the other in V(w 2 ) and / is different 
from /1 and f 2 - 

The next theorem by Reyes et al, from which we know the elements of the uni¬ 
versal Markov basis of the ideal Iq , gives a necessary and sufficient characterization 
of minimal binomials of a toric ideal of a graph G. 

Theorem 2.2. [20, Theorem 4.13] Let w be an even closed walk. B w is a minimal 
binomial if and only if 


GENERALIZED ROBUST TORIC IDEALS 


5 


(Ml) all the chords of w are odd, 

(M2) there are not two odd chords of w which cross effectively except if they form 
an Fi, 

(M3) no odd chord crosses an F 4 of the walk w, 

(M4) w is a strongly primitive. 

3. Generalized robust toric ideals of graphs 

In this section we study the generalized robust toric ideals. 

Definition 3.1. A n ideal I is called generalized robust if its universal Grobner 
basis is equal with its universal Markov basis. 

Undoubtedly, it is a hard problem to characterize the generalized robustness, 
owing to the fact that only for a few classes of toric ideals we know their universal 
Grobner basis and the universal Markov basis. In general, characterizing and com¬ 
puting these sets, is a difficult and computationally demanding problem. Lawrence 
ideals provide a large class of generalized robust toric ideals, since it is known by 
Sturmfels that in a Lawrence ideal any minimal generating set coincides with the 
universal Grobner basis and the Graver basis, see EH Theorem 7.1]. Moreover, 
not only the robustness but also the generalized robustness is not a property which 
describes completely the Lawrence ideals, see [2] Example 3.4]. 

In order to describe the universal Grobner basis for the case of toric ideals of 
graphs, we give the notions of pure blocks and of the mixed walks of a graph G, 
see [22]. A cyclic block B of a primitive walk w is called pure if all the edges of 
the block B belong either to w + or to w _ . A primitive walk w is called mixed if 
none of the cyclic blocks of w is pure. The next theorem describes completely the 
elements of the universal Grobner basis of a toric ideal of a graph G. 

Theorem 3.2. [22] Theorem 3.4] Let w be a primitive walk. B w belongs to the 
universal Grobner basis of Iq if and only if w is mixed. 

Based on the above theorem, in combination with the knowledge of the universal 
Markov basis for a toric ideal of a graph G, we are allowed to research in depth the 
generalized robust graph ideals. 

In the special case of toric ideals of graphs, a useful property for every minimal 
generator of the ideal, is that it belongs to its universal Grobner basis, as we can 
see in the next proposition. 

Proposition 3.3. Let G be a graph and Iq its corresponding toric ideal. Then 

Mg Q Uq- 

Proof. Let G be a graph and Iq its corresponding toric ideal. Let B w be an 
element of the universal Markov basis of Iq, which means by definition that B w is 
a minimal generator of the ideal. We will prove that the binomial B w belongs to 
the universal Grobner basis of Iq- 

We assume that B w does not belong to the Uq■ By Theorem 13.21 the walk w 
is not mixed. Therefore, the walk w has at least one pure cyclic block and let it 
be B = (ei,..., e n ). Thus, all the edges e, of the block B are either even or odd. 
Let ei = (ui,u 2 ),e 2 = ( 112 , 113 ) and e 3 = ( 113 , 114 ) be three consecutive edges of the 
block B. We know that the block B has at least three edges, since B is a cycle of 
the graph G. The vertices u 2 and U 3 are both common vertices of either two odd or 
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two even edges of B. In consequence, the vertices 112 and M 3 are sinks of the walk w 
with distance one. We remark that w is primitive, since B w is a minimal generator 
of the ideal. It follows that w is not strongly primitive, a contradiction arises due 
to the minimality of B w and Theorem 12.21 □ 

We mention that the above argument is not true in the general case of toric 
ideals. In [5] the authors provide a counterexample for this claim, j5] Example 
1 . 8 .]. 

We are now ready to prove our main result in this section, in which we describe 
the generalized robustness for graph ideals. In [3i the authors proved that a graph 
ideal is robust if and only if the Graver basis of the ideal is equal to a Markov basis 
of it. Next, we are proving the corresponding theorem for a generalized robust ideal 
which is stated on its Graver basis and its universal Markov basis of the ideal. 

Theorem 3.4. Let G be a graph and Iq its corresponding ideal. The ideal Iq is 
generalized robust if and only if Mg = Gryj. 

Proof. Let G be a graph and Iq its corresponding toric ideal. From Proposition 
11.11 and Proposition 13.31 we have that 

M g CW G C Gra¬ 

il Mg = Gtg , then the result follows. 

Conversely, let Iq be a generalized robust ideal, which means that Mg = Ug- 
It is enough to prove that Gtq C Ug- Let w be a walk of the graph G such that 
B w G Gtg- We will prove that B w G Ug- Suppose this is not true. Therefore, 
the walk w has at least one pure cyclic block, and let it B = (ei,..., e n ). The 
walk w has the form w = (wi,ei,W 2 ,e 2 , ■ ■ ■ ,e n -i,w n ,e n ), where w\,... ,w n are 
odd subwalks of w, as in Figure [0 We remark that the walks w\,...,w n are odd. 
The reason is that the walk w is primitive, which means that every cut vertex of w 
separates the graph into two parts, the total number of edges of the cyclic blocks 
in each part is odd, see Corollary 12. II 



Figure 1. The walk w 
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Furthermore, from Corollary 12.11 we know that every block of re is a cycle or a 
cut edge. Therefore, we can assume that each one of the walks wi and w n has at 
least one odd cycle. Let them be c\ and c n correspondingly. We will prove the 
existence of a walk q of the graph G, such that B q belongs to IAq but not to Mg- 
We consider the walk 

<7 = (ci,pi,ei,e 2 ,..., e n -i,p 2 ,c n , -~P 2 , e n - i, ■ ■ •, ei,pi) 

which consists of the two odd cycles ci, c n and the path p = (pi, e±, ..., e n _i,p 2 ) 
joining them, where p± , P 2 are paths of w which join the cycles c\ and c n with the 
edges ei and e ra _i correspondingly. From Theorem 13.21 it follows that the binomial 
B q is an element of the Ug■ We remark that the edge e n of w is a bridge of the 
walk q. From Theorem 12.21 it follows that the binomial B q is not minimal. As a 
result, the binomial B q does not belong to the universal Markov basis of the ideal 
Ig, a contradiction arises. □ 

From the above theorem it follows that the robustness implies the generalized 
robustness for a toric graph ideal. 

Corollary 3.5. Let Ig be a robust ideal of a graph G. The ideal Iq is generalized 
robust. 

The converse of the above corollary is not true as the following example proves. 

Example 3.6. We consider the complete graph G = K 4 (see Figure[2]) on the four 
vertices and let Ig be its corresponding toric ideal. 



Figure 2. The complete graph K 4 

The ideal has three minimal generators, which are 

B w 1 = eie 2 — c^ee, B u , 2 = 6364 — e^ee and B W3 = eie 2 — 6364 . 

Moreover, it has three minimal system of generators 

Mi =< B Wl , B w2 7>, M 2 =< C B Wl , B w 3 > and A A — B w 2 , B w3 ’> , 

and as a result its universal Markov basis is Mg =< B Wl , B W2 , B W3 >. Since the 
walks iui,u) 2 ,W 3 are even cycles and no other block exists on the graph G, from 
Corollarv l2.1l it follows that there is no other primitive elements of Ig and therefore 
Gi'g =< B Wl , B W2 , B w 3 >. Thus, the ideal Iq is generalized robust but not robust. 

In order to check the converse statement of the last corollary, we will use the 
following corollary, as it was presented in [ 201 . 

Corollary 3.7. j20[ Corollary 4.15] Let G be a graph which has no cycles of length 
four. The toric ideal Iq has a unique system of binomial generators. 
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Proposition 3.8. Let Ig be a generalized robust ideal. If the graph G has no cycles 
of length four, then Ig is robust. 

Proof. Let Ig be a generalized robust ideal, where G has no cycles of length 
four. By definition we know that A ia = Ug- From Corollary 13.71 it follows that 
Iq has a unique system of minimal generators, which means that Mq = Mg- 
Therefore, the ideal Iq is minimally generated by its Grobner basis. It follows that 
Ig is robust. □ 

The converse of the above proposition is not true as the following example proves. 

Example 3.9. Let G be the graph which is a chordless cycle of length four, see 
Figure [3] 



Figure 3. A both robust and generalized robust graph 

Then, the corresponding toric ideal Iq has one minimal generator the B w =< 
e\e 2 — e^e^ >. Obviously, the ideal has a unique system of minimal generators, the 
Mq =< B w > and therefore Mq =< B w >. It is clear that the Graver basis of 
Ig consists of exactly the binomial B w . It follows that the ideal is both robust and 
generalized robust, but it contains a cycle of length four. 

Certainly, the uniqueness of the minimal system of generators of an ideal is a 
sufficient and a necessary condition for the toric ideal of a graph G, to be robust if 
it is generalized robust and conversely. 

4. Circuits and generalized robust graph ideals 

In this section, we will present a graph theoretical characterization of a general¬ 
ized robust toric ideal of a graph G, which is based on terms of graph theoretical 
properties of the circuits of the graph G. 

The circuits of a graph G were described in graph theoretical terms with neces¬ 
sary and sufficient conditions by R. Villarreal: 

Proposition 4.1. [24] Proposition 4.2] Let G be a finite connected graph. The 
binomial B G Iq is a circuit if and only if B = B w where 
(Cl) w is an even cycle or 

(C2) w consists of two odd cycles intersecting in exactly one vertex or 
(C3) w consists of two vertex disjoint odd cycles joined by a path. 

From p3] we also know the form of the primitive walks of a graph G. 

Lemma 4.2. ]T8) Lemma 3.2] If B w is primitive, then w has one of the following 
forms: 
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(PI) w is an even cycle or 

(P2) w consists of two odd cycles intersecting in exactly one vertex or 

(P3) w = {ci,wi,C 2 ,W 2 ) where ci,C 2 are odd vertex disjoint cycles and w\,W 2 
are walks which combine a vertex v\ of C\ and a vertex V 2 of C 2 . 

As we see in Corollary 12.11 if a walk w has one of the first two forms it is also 
primitive. However, this is not true when the walk w has the third form. As we 
saw, the Corollary 12.II describes completely the primitive graphs. It is clear that in 
the case that the walk w has either (PI) either (P2) form, then it is always strongly 
primitive, since the corresponding primitive graph w does not contain two sinks. 

The next proposition describes some properties of the primitive elements of a 
generalized robust graph ideal which will be will be our main tool, to prove the 
main result in this section. 

Proposition 4.3. The ideal Iq is generalized robust if and only if all its primitive 
elements satisfy the conditions Ml and M2 of the Theorem 12.21 

Proof. Let Iq be a generalized robust ideal. From Theorem 13.41 all primitive 
elements are minimal generators and therefore they satisfy the conditions M 1 and 
M2. Conversely, we assume that all the primitive elements of Ia satisfy the con¬ 
ditions M 1 and M2 of the Theorem 12.21 In order to prove that the ideal Iq is 
generalized robust, from Theorem 13.41 and Proposition 13.31 we have to prove that 
Grc C Mg- Let B w be an element of Grc such that it satisfies the conditions Ml 
and M2 of the Theorem f2~2l We have to prove that the binomial B w is minimal. 
By hypothesis, it remains to prove that B w satisfies the conditions M3 and M4 of 
the Theorem 12.21 i.e. the walk w has not an odd chord which crosses an F 4 of w 
and the walk w is strongly primitive. 

Firstly, we prove that w has not an odd chord which crosses an F 4 of w. Suppose 
not. So, there exists an odd chord / = {tii, ^ 2 } that crosses the F 4 , (ei,/ 1 , e 2 ,/ 2 ) 
of the walk w = (w±, ei, W 2 , e 2 ), see Figure 0] 



Figure 4. An odd chord which crosses an F 4 

Then, w can be written in the form (w[, {vi}, w", ei, w' 2l { 112 }) vu'f, 62 ), where 
w 1 = (w[, {vi},w'f) and W 2 = (w' 2 , {U 2 }, w'f )■ Since the chord / is odd, by def¬ 
inition the walks (f,w 2 ,e 2 ,vu[) and (f,w",ei,w 2 ) are both odd. In addition, 
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since [e\, f\,e 2 , ff) is an F 4 , the walks w 1 and W 2 are both odd. Therefore, 
(w", fi,—w'f, f) and (w[, /, — w' 2 , fi) are both even. So, from the definition, / 
is an even chord of w' = (w±, / 1 , — W 2 , f 2 )- Since the walk w is primitive, the walk 
w' is also primitive and w' has an even chord, a contradiction arises due to the fact 
that by hypothesis all primitive elements satisfy the condition M 1 of the Theorem 

m 

It remains to prove that w is strongly primitive. Suppose not. Therefore the 
walk w has the form w = C 2 , W 2 ), where Ci, C 2 are odd vertex disjoint cycles 

and wi,W 2 are walks which combine a vertex v\ of Ci and a vertex V 2 of C 2 . Since 
the walk is not strongly primitive, there is a cyclic block B of the primitive walk 
w in which there are two adjacent cut vertices u\ and 112 of w. Let the block be 
B = (q,e), where e is the edge { 1 x 1 , 112 } and q be the path of the cyclic block B 
which connects the vertices xxi and U 2 - Then w can be written in the form 

w = (ci,{vi},w',{ui},q, {u2},w",{v2},C2,{v2},-w",{u2,ui} = e,-w'), 

where w\ = ({i>i}, w' , {iti}, q, { 1 x 2 }, w" , {^ 2 }) and W 2 = ({^j, — w", e, — w'). Since 
the graph is connected, there is a path between any two vertices of the graph. Let 
Pi be a path between the vertices v\ and u± and let P 2 be a path between the 
vertices V 2 and 112 ■ Without loss of generality, we assume that the paths p\ and P 2 
are subwalks of the subwalks w' and w" of the walk w. We consider the walk 

= (Cl,JPl, {til}, q , {xx 2 }, -P 2 , C2,P2, {1x2}, -q, {iXl}, -Pi). 

The above walk is a circuit since it is in the form (C3), where Ci , C2 are the two vertex 
disjoint odd cycles and p = (pi,q, —P 2 ) the path which joins them. Therefore, the 
binomial B Wc is primitive and the edge e = { 1 x 1 , U 2 } is a bridge of w c . By hypothesis 
all the primitive elements of I a satisfy the condition Ml of the Theorem l2.2l which 
means that they have no bridges. A contradiction arises. □ 

In [3J Theorem 4.8] the authors proved the following lemma: 

Lemma 4.4. Let Iq be an ideal such that all the chords of all of its primitive 
elements are odd. Then, there is no circuit of G which shares exactly one edge (and 
no other vertices) with another circuit such that the shared edge is part of a cyclic 
block in both circuits. 

We are ready to present the main result of this section. The only difference 
between it and the corresponding result of Boocher et al in j3], in the case of robust 
graph ideals, is that for an ideal Ia to be generalized robust we allow to the circuits 
of the graph the existence of two odd chords of the walk w which form an T 4 . As 
a result of the previous proposition, the proof of the following theorem respects 
completely the construction of the corresponding proof of Theorem 4.8. in j3j. In 
this part of the proof we refer to the corresponding proof of them. 

Theorem 4.5. The ideal Iq is generalized robust if and only if the following con¬ 
ditions are satisfied. 

(Rl) No circuit of G has either an even chord or a bridge, 

(R2) No circuit of G contains two odd chords which cross effectively, except if 
they form an F 4 , 

(R3) No circuit of G shares exactly one edge (and no other vertices) with another 
circuit such that the shared edge is a part of a cyclic block in both circuits. 
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Proof. By Proposition [473] it is equivalently to prove that all primitive elements 
of Ig satisfy the conditions Ml and M2 of the Theorem 12.21 if and only if the 
circuits of the graph G satisfy the conditions R1 through R3. 

For the forward direction we assume that all primitive elements of Iq satisfy the 
conditions Ml, M2 of the Theorem l2.2l Since all the circuits of G are also primitive 
elements, the conditions Rl, R2 are followed. By Lemma l4~4l it follows the condition 
R3. 

For the other direction, we assume that every circuit of G satisfies Rl through 
R3. We will prove that every primitive element of Ig satisfies the conditions Ml 
and M2 of the Theorem 12.21 Suppose not. Then there exists a primitive walk w 
of Ig such that it has either an even chord or a bridge or it has two odd chords 
which cross effectively and they do not form an F 4 . From Lemma 14.21 the walk 
w is either an even cycle or two odd cycles intersecting in exactly one vertex or 
w = (ci, wi, C2, W 2 ) where ci, C2 are odd vertex disjoint cycles and wi,W 2 are walks 
which combine a vertex v\ of Ci and a vertex V2 of C 2 . If w has one of the first two 
forms, then the walk w is also a circuit, contradicted the hypothesis. Therefore, 
the walk w is of the form w = (ci, w\, C 2 , W 2 ) where ci,C 2 are odd vertex disjoint 
cycles and w 1 , W 2 are walks which combine a vertex v\ of Ci and a vertex V 2 of C 2 . 
Then the result follows with the same way as in the corresponding proof of the [3J 
Theorem 4.8]. □ 

5. Robustness and Generalized robustness on toric ideals 

In this section we study the robustness property and the generalized robustness 
property in the general case of toric ideals. In [3] Boocher et al proved that all robust 
toric ideals which are generated by quadratics are graph ideals, see [3j Corollary 
5.3]. As we can see in the next example, in the case of generalized robust toric 
ideals this is not true. 

Example 5.1. We consider the set A = {(1,0,0,0,1), (0,1,1,1,1), (1,1,0,0,1), (0,0,1,1,1), 
(0,1,1,0,1), (1,0,0,1,1), (1,0,1,0,1), (0,1,0,1,1)} C N 5 . We compute by C 0 C 0 A, that 
the corresponding toric ideal is 

I A =< X\X2 — X^X^, X\X2 - X 5 Xe, X1X2 — x?x s >, 

for more see [7]. The ideal I a is quadratic and there is not a graph G such that 
Ia = Ig, which means that I a is not a graph ideal. Otherwise, there exists a graph 
G with three cycles of length four which have the edges X\ and X2 in common. 
Note that X\,X2 are vertex disjoint edges. This structure is impossible to happen 
for any simple graph G. Clearly for the toric ideal Ia we have that Gta =< 
X1X2—X3X4, XiX2 — X 5 Xe, X1X2—X7X8, X3X& — X^Xq, X3X4 — X7X8, X§Xq —XyXg >= Ma- 
By computations we check that Ua = M a- It follows that the ideal I a is generalized 
robust. 

As we saw in Corollary 13.51 a robust graph ideal is also generalized robust. Next 
we will see that this is a property not only for toric ideals of graphs, but for a 
random toric ideal as well. The main theorem of this section is that robust ideals 
are generated by indispensable binomials. 

In E5 Theorem 2.12] Charalambous et al, described the indispensable elements 
of a toric ideal. 
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Theorem 5.2. [4] The ideal I a is generated by indispensable binomials if and only 
if the Betti A—degrees bi,...,bfc are minimal binomial A—degrees and /3o,t>i = 
1, V * = 1,..., k. 

Next, we remind some useful definitions, as they are presented in [4], in order to 
understand the above theorem. 

Let A C TA be a vector configuration so that NA is pointed and let I a be its 
corresponding toric ideal. A vector b £ NA is called a Betti A-degree if Ia has 
a minimal generating set containing an element of A—degree b. We define the 
A-graded Betti mumber of I a as the number of times that the vector b appears as 
the A—degree of a binomial in a given minimal generating set of the ideal. From 
PJ we know that the Betti A—degrees are independent of the choice of a minimal 
generating set of I a- 

Since the semigroup NA is pointed, we can partially order it with the relation: 
c > d <S==> 3 e € NA : c = d + e. 

Also for I A ^ {0}, the minimal elements of the set {deg^(x u ) : x u —x v £ Ia} C NA 
with respect to > are called minimal binomial A—degrees. 

For any b £ NA the following ideal is defined: 

A 4 .b = (x u - x v : deg j 4 (x u ) = deg j 4 (x v ) <( b) C I A . 

Next, we define the graph G(b). Based on this graph, an other graph (5b) is 
defined, for more details see [4]. The following construction plays a key role in the 
proof of our main theorem. 

Definition 5.3. For a vector b £ NA we define the graph G(b) to be the graph 
whose vertices are the elements of the fiber 

degA^b) = {x u : degA(x u ) = b} 

and on the edge set 

£(G(b)) = {{x u ,x v } : x u -x v e/A, b }. 

We consider the complete graph 5b, whose vertices are the connected components 
G(b)j of G(b). Let Tb be a spanning tree of 5b- For every edge of Tb joining the 
components G(b)j and G(b)j of G(b), we choose a binomial x u — x v such that 
x u £ G(b)j and x v £ G(h)j correspondingly. Let Fr b the collection of these 
binomials. 

Proposition 5.4. [4j Proposition 2.2] Let b £ NA. Every connected component of 
G(b) is a complete subgraph. The graph G(b) is not connected if and only if b is 
a Betti A—degree. 

The following corollary, which results from the above definitions, is useful for the 
proof of the main theorem of this article. 

Corollary 5.5. Let x 11 — x v a minimal generator of I a- The vertices x u and x v 
o/G(b) belong to different connecting components of the graph G(b). 

Proof. We assume that 

I A =< B x = x Ul - x v \ ... ,B k = x Uk - x Vk >, 

where {Bi, ..., B &} is a minimal set of generators of Ia- Let b = degA(x Ul — x Vl ) 
be the corresponding Betti A—degree. We assume that the vertices x Ul and x Vl 
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belong to the same connecting component of the graph G(b). From Proposition 
15.41 we know that every connected component of G(b) is a complete graph and 
therefore x Ul ,x Vl is an edge of G(b). Thus, the binomial x Ul — x Vl £ I a, b, which 
means that x Ul — x Vl = ajMjBj, where j € {2,, k}. A contradiction arises 
since the set {B i,..., B^.} is minimal. □ 

In [3] the authors proved the following theorems. 

Theorem 5.6. ]4j Theorem 2.6] The set J 7 = UbeNL-^A. a minimal generating 

set for the ideal I a ■ 

The converse of the above theorem is also true. 

Theorem 5.7. 2J Theorem 2.7] Let T = UbeNA^t. be a minimal generating set 
of the ideal I a ■ The binomials of J~T b determine a spanning tree Tt> of Sb. 

The next proposition will be used in the sequel. 

Proposition 5.8. j4] Proposition 2.4] An A—degree b is minimal binomial A—degree 
if and only if every connected component of G(b) is a singleton. 

Before presenting the main theorem, we put forward the following lemma, which 
was proved in [3] in the special case of toric ideals of graphs. We remark that there 
is no difference in the general case of a toric ideal. By /i(/a) we denote the number 
of minimal generators of the ideal. 

Lemma 5.9. Let I a be a robust toric ideal. Then there is no term of an element 
of Ua which divides a term of another element of Ua ■ 

Proof. Let Ia be a robust toric ideal. By definition, the set Ua is a minimal 
generating set for the ideal. Since the affine semigroup NA is pointed, the graded 
Nakayama Lemma applies that all minimal system of generators of I a have the 
same cardinality. Thus \Ua\ = I A )■ Also we remark that from the definition of 
robustness, it follows that p(in^ Ia) = m(/a), for all term orders -< and therefore 

\Ua\ = /r(in aIa), for all term orders -< . 

We will prove the contrapositive. We suppose that Ua contains at least two bino¬ 
mials fi = mi — W 2 and /2 = n\ — 7i2 such that the term m\ divides the term 
Tii. Since the toric ideal I a is prime, there exists a variable x which divides the 
monomial mi but not the monomial m 2 . Taking -< to be the lex term order with 
x first, it follows that (in^/i)|(in^/ 2 ). Therefore 

/x(in ^I A ) < \U A \, 

a contradiction arises. □ 

We are ready now to continue with the proof of the main theorem of this section. 
In the following theorem we are proving that the robust toric ideals have a unique 
minimal system of generators. 

Theorem 5.10. Let I a be a robust toric ideal. Then I a is generated by indispens¬ 
able binomials. 

Proof. Let I a be a robust toric ideal. From definition the ideal I a is minimally 
generated by its universal Grobner basis. Let 

M = {Bi = x Ul - x Vl , B 2 = x U2 - x V2 ,..., B k = x Uk - x Vk } 
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be the universal Grobner basis of I a, which is also a minimal generating set for 
the ideal. We will prove that the binomials Bi are indispensable generators of 
I A for every i = 1,..., k. From Theorem 15.21 it is enough to prove that the 
Betti A—degrees bi,..., b/- are minimal binomial A—degrees and /?o.bi = 1, V i = 
1,..., k. As we saw before, we know that the Betti A—degrees are independent of 
the choice of the minimal generating set of I a and therefore if we choose at random 
one of them, it appears as a degree of an element of the set Iff as well. 

Firstly, we prove that the Betti A—degrees are minimal. We consider the minimal 
generator B\ = x Ul — x Vl and let bi = deg A (x Ul — x Vl ) be its Betti A—degree. 
Let G(bi) be the corresponding graph. From Proposition 15.81 the Betti A—degree 
bi is minimal if and only if every connected component of G(bi) is a singleton. 
Let G(bi)i be a connected component of G(bi) which is not a singleton. Without 
loss of generality we can assume that the vertex x Ul belongs to G(bi)i and let x w 
be an other vertex of G(bi)j. Note that from Corollary 15.51 the vertex x Vl does 
not belong in G(bi)j and let G(bi)j be its connected component. We consider the 
corresponding tree Xbi- Then from Theorem 15.71 the edge e\ = {x Ul ,x Vl } of the 
graph S'bj is an edge of T^. We replace this edge by the edge e = {x w ,x Vl } in 
the tree T\ Dl . Obviously, we have a new spanning tree of the graph Sb 1 and from 
Theorem 15.61 the set 

Iff' = {B 2 = x U2 - x V2 ,..., B k = x Uk - x Vk , B k+1 = x w - x Vl } 

is a minimal generating set of I a- We remark that there is no element of Iff' 
which contains the term x Ul . Otherwise the monomial x Ul appears at least twice 
in two different elements of the set Iff, which is the universal Grobner bases of I a, 
a contradiction arises from Lemma 15.91 We consider the binomial B\ = x Ul — x Vl 
which belongs to I a- Since Iff' is a minimal generating set, the Bi can be written 
as a linear combination of the elements of Iff'. We have that 

fc+i 

x Ul — x Vl = ajirijBj , where a,j £ K and rrij monomials of K[x]. 

3 =2 

As a result, there exists j £ {2,..., k, fc + 1} such that x u J |x Ul . Note that j ^ fc + 1, 
otherwise x w |x Ul which is impossible, since x w ^ x Ul and deg y4 (x w ) = deg^(x Ul ). 
Therefore, there is a term of an element of iff = Li a, which divides a term of 
another element of Li a- From Lemma l5.91 we have a contradiction. So, we conclude 
that every connected component of G(bi) is a singleton and therefore the Betti 
A—degree bi is minimal. 

It remains to prove that /3o.b ; = 1, V i = 1,..., k. We assume that there exists 
i £ {1,..., k} such that /3o,bi > 2. In other words, there are at least two elements 
of M with degree b^ and let them be B n = x Un — x Vn and B m = x Um — x Vm . 
As we proved before, every connecting component of G(b,;) is a singleton, thus the 
graph G(bj) has at least four connecting components; {x u "}, {x Vn }, {x Um } and 
{x Vm }. Note that none of the above connecting components coincides with each 
other, otherwise we have a contradiction from the Lemma 15.91 If we look at the 
corresponding tree Tb ; , two of its edges are ei = {x Un ,x Vn } and e 2 = {x Um ,x Vm }. 
Since a tree is a connected graph, then there exists a path which joins the edges 
ei,e 2 - Therefore, at least one of the vertices {x Un },{x Vn } appears in an other one 
edge of Tbi, different from ei. This means that at least one of the monomials x Un 
or x v " appears as a monomial term of an other minimal generator of Iff = Ua- 
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A contradiction arises from Lemma [5.91 Thus Ai.b, = 1, V i = 1 ,...,k and the 
theorem follows. □ 

The converse of the above theorem is not true, as we can see in the following 
remark. 

Remark 5.11. The indispensability of the minimal generators of a toric ideal, is 
not a necessary condition for an ideal to be robust. For this claim we consider the 
following graph. 


eii 



Figure 5. An indispensable ideal which is not robust 

The corresponding toric ideal Iq has six minimal generators. These are: 

B\ = 626365 — ei^eg, B2 = e4e5en — egeioei2, B$ = e^e^es — egegeg, 

Ba = e2e3eioei2 — eie^en, Bg = egegereg, — e\eleg,Bg = eregeygeig — ege^em 
From Corollary 13.71 all the above minimal generators of Iq are indispensable. 
We consider the walk w = (e 2 , ei, e 3 , e 6 , er, eg, e&, eg, e\g, en, eio, 64 ) of the graph G. 
From Theorem l2. li the corresponding binomial B w = e 2 ege 7 egeioei 2 —eie 4 egeeegen 
belongs to the Graver basis of Iq- We note that there are two sinks of w in distance 
one and therefore w is not strongly primitive. From Theorem 12.21 the binomial B w 
is not minimal. Theorem 13.41 implies that the ideal Iq is not generalized robust. 
Therefore it is not robust. 

We note that although the robust ideals are generated by indispensable bino¬ 
mials, this does not happen in the case of generalized robust ideals, see Example 
13.61 

By Theorem l5.10l it follows the next corollary, in which we see that the property 
of robustness for a toric ideal, implies the generalized robustness property for it. 

Corollary 5.12. Let I a be a toric ideal. If I a is robust then it is generalized 
robust. 

Obviously, a necessary condition for the converse statement of the above corol¬ 
lary, is the uniqueness of the minimal system of generators of the toric ideal. 

Corollary 5.13. Let I a be a toric ideal, such that it has a unique minimal system 
of generators. The ideal I a is robust if and only if I a is generalized robust. 

Remark 5.14. We note that the equality Ma = Grn for robust toric ideals still 
remains an open problem, as it has been mentioned in [3]. We remark that the inter¬ 
section of all minimal Markov bases Ma of a toric ideal, is called the indispensable 
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subset of the universal Markov basis Ma and is denoted by Sa- Obviously, the 
following inclusions hold: 

SaQMaC Gi' A - 


In [6] the authors gave a complete algebraic characterization for the elements of the 
sets S A and Ma- As it follows from the previous theorem, in the case of robust toric 
ideals we have that Sa = Ma- An equivalent interesting question for robust toric 
ideals or generalized robust toric ideals is the equality Ma = Gi'A■ The interest 
for this problem is enhanced by the fact that toric ideals for which the universal 
Grobner basis coincides with their Graver basis have important properties, as for 
example the equality between the Grobner complexity and the Graver complexity 
of the ideal, see m- Also, in the case of robust toric ideals the following inclusions 
hold: 


C A C ( S A =M a = M a =) U A C Gr A - 


There are examples of families of ideals whose set of circuits is equal with the 
Graver basis. For example, Sturmfels proved this property for toric ideals defined 
by unimodular matrices, see pOQ Proposition 8.11] and Villareal proved it for those 
defined by balanced matrices, see m■ We know that toric ideals of graphs which 
are complete intersection are also circuit ideals, which means that every minimal 
generator of the ideal is a circuit, see [23] Theorem 5.1]. Thus, for those toric ideals 
we have that Ca = Ma- By Theorem 13.41 we get an other family of ideals, i.e. 
robust toric ideals of graphs which are complete intersection, for which Ca = Gta- 
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